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Abstract

In this paper, the behavior of two symmetric interface cracks between two dissimilar magneto-electro-

elastic composite half planes under anti-plane shear stress loading is investigated by Schmidt method for

the permeable crack surface conditions. By using the Fourier transform, the problem can be solved with a
set of triple integral equations in which the unknown variable is the jump of the displacements across the

crack surfaces. In solving the triple integral equations, the jump of the displacements across the crack

surface is expanded in a series of Jacobi polynomials. Numerical solutions of the stress intensity factor are

given. The relations among the electric filed, the magnetic flux and the stress field can be obtained.

� 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

Composite material consisting of a piezoelectric phase and a piezomagnetic phase has drawn
significant interest in recent years, due to the rapid development in adaptive material systems. It
shows a remarkably large magnetoeletric coefficient, the coupling coefficient between static
electric and magnetic fields, which does not exist in either constituent. The magnetoelectric
coupling is a new product property of the composite, since it is absent in each constituent. In some
cases, the coupling effect of piezoelectric/piezomagnetic composites can be even obtained a
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hundred times larger than that in a single-phase magnetoelectric material. Consequently, they are
extensively used as magnetic field probes, electric packaging, acoustic, hydrophones, medical
ultrasonic imaging, sensors, and actuators with the responsibility of magneto-electro-mechanical
energy conversion [1]. When subjected to mechanical, magnetic and electrical loads in service,
these magneto-electro-elastic composites can fail prematurely due to some defects, e.g. cracks,
holes, etc. arising during their manufacturing processes. Therefore, it is of great importance to
study the magneto-electro-elastic interaction and fracture behaviors of magneto-electro-elastic
composites [2,3].

The development of piezoelectric–piezomagnetic composites has its roots in the early work of
Van Suchtelen [4] who proposed that the combination of piezoelectric–piezomagnetic phases may
exhibit a new material property––the magnetoelectric coupling effect. Since then, the magneto-
electric coupling effect of BaTiO3–CoFe2O4 composites has been measured by many researchers.
Much of the theoretical work for the investigation of magnetoelectric coupling effect has only
recently been studied [1–3,5–10]. The behaviors of two collinear cracks in piezoelectric materials
were studied in [11–13]. To our knowledge, the magneto-electro-elastic behavior of magneto-
electro-elastic composites with two collinear symmetric interface cracks subjected to anti-plane
shear stress loading has not been studied.

In this paper, the behavior of two collinear interface cracks between to dissimilar magneto-
electro-elastic half planes composites subjected to anti-plane shear is investigated by use of a
somewhat different method, named as the Schmidt method [14,15]. The Fourier transform is
applied and a mixed boundary value problem is reduced to a triple integral equations. To solve
the triple integral equations, the jump of the displacements across the crack surfaces is expanded
in a series of Jacobi polynomials. This process is quite different from those adopted in the ref-
erences [2,3] as mentioned above. The form of solution is easy to understand. Numerical solutions
are obtained for the stress.
2. Formulation of the problem

It is assumed that there are two collinear interface cracks of length 1� b between two dissimilar
magneto-electro-elastic composite half planes as shown in Fig. 1. 2b is the distance between two
cracks. The piezoelectric/piezomagnetic boundary-value problem for anti-plane shear is consi-
derably simplified if we consider only the out-of-plane displacement, the in-plane electric and the
in-plane magnetic fields. As discussed in [16], since the opening displacement is zero for the
present anti-plane shear problem; the crack surfaces can be assumed to be in perfect contact.
Accordingly, both the electric and magnetic potentials are assumed to be continuous across the
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Fig. 1. Two interface cracks between two dissimilar magneto-electro-elastic composite half planes.
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crack surfaces. So the boundary conditions of the present problem are (we just consider the
perturbation field.):
sð1Þyz ðx; 0þÞ ¼ sð2Þyz ðx; 0�Þ ¼ �s0; b6 jxj6 1

wð1Þðx; 0þÞ ¼ wð2Þðx; 0�Þ; jxj < b; jxj > 1

�
ð1Þ
/ð1Þðx; 0þÞ ¼ /ð2Þðx; 0�Þ; Dð1Þ
y ðx; 0þÞ ¼ Dð2Þ

y ðx; 0�Þ; jxj61 ð2Þ
wð1Þðx; 0þÞ ¼ wð2Þðx; 0�Þ; Bð1Þ
y ðx; 0þÞ ¼ Bð2Þ

y ðx; 0�Þ; jxj61 ð3Þ
wð1Þðx; yÞ ¼ wð2Þðx; yÞ ¼ 0 for ðx2 þ y2Þ1=2 ! 1 ð4Þ
where sðiÞzk , D
ðiÞ
k and BðiÞ

k ðk ¼ x; y; i ¼ 1; 2Þ are the anti-plane shear stress, in-plane electric dis-
placement and in-plane magnetic flux, respectively. wðiÞ, /ðiÞ and wðiÞ are the mechanical dis-
placement, the electric potential and the magnetic potential, respectively. Note that all quantities
with superscript i ði ¼ 1; 2Þ refer to the upper half plane 1 and the lower half plane 2 as in Fig. 1,
respectively. In this paper, we only consider that s0 is positive.

It is assumed that the magneto-electro-elastic composite is transversely isotropic. So the
constitutive equations can be written as
sðiÞzk ¼ cðiÞ44w
ðiÞ
;k þ eðiÞ15/

ðiÞ
;k þ qðiÞ15w

ðiÞ
;k ; ðk ¼ x; y; i ¼ 1; 2Þ ð5Þ
DðiÞ
k ¼ eðiÞ15w

ðiÞ
;k � eðiÞ11/

ðiÞ
;k � dðiÞ

11w
ðiÞ
;k ; ðk ¼ x; y; i ¼ 1; 2Þ ð6Þ
BðiÞ
k ¼ qðiÞ15w

ðiÞ
;k � dðiÞ

11/
ðiÞ
;k � lðiÞ

11w
ðiÞ
;k ; ðk ¼ x; y; i ¼ 1; 2Þ ð7Þ
where cðiÞ44 is shear modulus, eðiÞ15 is piezoelectric coefficient, eðiÞ11 is dielectric parameter, qðiÞ15 is

piezomagnetic coefficient, dðiÞ
11 is electromagnetic coefficient, lðiÞ

11 is magnetic permeability.

The anti-plane governing equations are
cðiÞ44r2wðiÞ þ eðiÞ15r2/ðiÞ þ qðiÞ15r2wðiÞ ¼ 0; ði ¼ 1; 2Þ ð8Þ
eðiÞ15r2wðiÞ � eðiÞ11r2/ðiÞ � dðiÞ
11r2wðiÞ ¼ 0; ði ¼ 1; 2Þ ð9Þ
qðiÞ15r2wðiÞ � dðiÞ
11r2/ðiÞ � lðiÞ

11r2wðiÞ ¼ 0; ði ¼ 1; 2Þ ð10Þ
where r2 ¼ o2=ox2 þ o2=oy2 is the two-dimensional Laplace operator. Because of the assumed
symmetry in geometry and loading, it is sufficient to consider only the problem for 06 x < 1,
�16 y < 1. A Fourier transform is applied to Eqs. (8)–(10). Assumed that the solutions are
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wð1Þðx; yÞ ¼ 2
p

R1
0

A1ðsÞe�sy cosðsxÞds

/ð1Þðx; yÞ ¼ lð1Þ
11 e

ð1Þ
15 � dð1Þ

11 q
ð1Þ
15

eð1Þ11 l
ð1Þ
11 � dð1Þ2

11

wð1Þðx; yÞ þ 2

p

Z 1

0

B1ðsÞe�sy cosðsxÞds; ðyP 0Þ

wð1Þðx; yÞ ¼ qð1Þ15 e
ð1Þ
11 � dð1Þ

11 e
ð1Þ
15

eð1Þ11 l
ð1Þ
11 � dð1Þ2

11

wð1Þðx; yÞ þ 2

p

Z 1

0

C1ðsÞe�sy cosðsxÞds

8>>>>>>><
>>>>>>>:

ð11Þ

wð2Þðx; yÞ ¼ 2
p

R1
0

A2ðsÞesy cosðsxÞds

/ð2Þðx; yÞ ¼ lð2Þ
11 e

ð2Þ
15 � dð2Þ

11 q
ð2Þ
15

eð2Þ11 l
ð2Þ
11 � dð2Þ2

11

wð2Þðx; yÞ þ 2

p

Z 1

0

B2ðsÞesy cosðsxÞds; ðy6 0Þ

wð2Þðx; yÞ ¼ qð2Þ15 e
ð2Þ
11 � dð2Þ

11 e
ð2Þ
15

eð2Þ11 l
ð2Þ
11 � dð2Þ2

11

wð2Þðx; yÞ þ 2

p

Z 1

0

C2ðsÞesy cosðsxÞds

8>>>>>>><
>>>>>>>:

ð12Þ
where A1ðsÞ, B1ðsÞ, C1ðsÞ, A2ðsÞ, B2ðsÞ and C2ðsÞ are unknown functions.
So from Eqs. (5)–(7), we have
sð1Þyz ðx; yÞ ¼ � 2

p

Z 1

0

s cð1Þ44

 "
þ a1e

ð1Þ
15

a0
þ a2q

ð1Þ
15

a0

!
A1ðsÞ þ eð1Þ15 B1ðsÞ þ qð1Þ15 C1ðsÞ

#
e�sy cosðsxÞds

ð13Þ

Dð1Þ
y ðx; yÞ ¼ 2

p

Z 1

0

s½eð1Þ11 B1ðsÞ þ dð1Þ
11 C1ðsÞ�e�sy cosðsxÞds ð14Þ

Bð1Þ
y ðx; yÞ ¼ 2

p

Z 1

0

s½dð1Þ
11 B1ðsÞ þ lð1Þ

11 C1ðsÞ�e�sy cosðsxÞds ð15Þ

sð2Þyz ðx; yÞ ¼
2

p

Z 1

0

s cð2Þ44

 "
þ g1e

ð2Þ
15

g0
þ g2q

ð2Þ
15

g0

!
A2ðsÞ þ eð2Þ15 B2ðsÞ þ qð2Þ15 C2ðsÞ

#
esy cosðsxÞds ð16Þ

Dð2Þ
y ðx; yÞ ¼ � 2

p

Z 1

0

s½eð2Þ11 B2ðsÞ þ dð2Þ
11 C2ðsÞ�esy cosðsxÞds ð17Þ

Bð2Þ
y ðx; yÞ ¼ � 2

p

Z 1

0

s½dð2Þ
11 B2ðsÞ þ lð2Þ

11 C2ðsÞ�esy cosðsxÞds ð18Þ
where a0 ¼ eð1Þ11 l
ð1Þ
11 � dð1Þ2

11 , a1 ¼ lð1Þ
11 e

ð1Þ
15 � dð1Þ

11 q
ð1Þ
15 , a2 ¼ qð1Þ15 e

ð1Þ
11 � dð1Þ

11 e
ð1Þ
15 , g0 ¼ eð2Þ11 l

ð2Þ
11 � dð2Þ2

11 ,

g1 ¼ lð2Þ
11 e

ð2Þ
15 � dð2Þ

11 q
ð2Þ
15 , g2 ¼ qð2Þ15 e

ð2Þ
11 � dð2Þ

11 e
ð2Þ
15 .

To solve the problem, the jumps of the displacements, the electric and the magnetic potentials
across the crack surfaces are defined as follows:
f ðxÞ ¼ wð1Þðx; 0þÞ � wð2Þðx; 0�Þ ð19Þ



Z.-G. Zhou et al. / International Journal of Engineering Science 42 (2004) 1155–1167 1159
f/ðxÞ ¼ /ð1Þðx; 0þÞ � /ð2Þðx; 0�Þ ð20Þ

fwðxÞ ¼ wð1Þðx; 0þÞ � wð2Þðx; 0�Þ ð21Þ
Substituting Eqs. (11) and (12) into Eqs. (19)–(21), and applying the Fourier transform and the
boundary conditions, it can be obtained
�f ðsÞ ¼ A1ðsÞ � A2ðsÞ ð21Þ
a1
a0

A1ðsÞ �
g1
g0

A2ðsÞ þ B1ðsÞ � B2ðsÞ ¼ 0 ð22Þ

a2
a0

A1ðsÞ �
g2
a0

A2ðsÞ þ C1ðsÞ � C2ðsÞ ¼ 0 ð23Þ
Substituting Eqs. (13)–(18) into Eqs. (1)–(3), it can be obtained
cð1Þ44

 
þ a1e

ð1Þ
15

a0
þ a2q

ð1Þ
15

a0

!
A1ðsÞ þ eð1Þ15 B1ðsÞ þ qð1Þ15 C1ðsÞ þ cð2Þ44

 
þ g1e

ð2Þ
15

g0
þ g2q

ð2Þ
15

g0

!
A2ðsÞ

þ eð2Þ15 B2ðsÞ þ qð2Þ15 C2ðsÞ ¼ 0 ð24Þ

eð1Þ11 B1ðsÞ þ dð1Þ
11 C1ðsÞ þ eð2Þ11 B2ðsÞ þ dð2Þ

11 C2ðsÞ ¼ 0 ð25Þ

dð1Þ
11 B1ðsÞ þ lð1Þ

11 C1ðsÞ þ dð2Þ
11 B2ðsÞ þ lð2Þ

11 C2ðsÞ ¼ 0 ð26Þ
By solving six Eqs. (21)–(26) with six unknown functions A1ðsÞ, B1ðsÞ, C1ðsÞ, A2ðsÞ, B2ðsÞ, C2ðsÞ
and applying the boundary condition (1), it can be obtained:
2b1

p

Z 1

0

s�f ðsÞ cosðsxÞds ¼ s0; b6 jxj6 1 ð27Þ

Z 1

0

�f ðsÞ cosðsxÞds ¼ 0; jxj < b; jxj > 1 ð28Þ
where b1 is a constant which depends on the properties of the materials (see Appendix A). When
the properties of the upper and the lower half planes is the same, b1 ¼ cð1Þ44 =2. To determine the
unknown functions �f ðsÞ, the triple integral equations (27) and (28) must be solved.
3. Solution of the triple Integral equations

From the natural property of the displacement along the crack line, it can be obtained that the
jump of the displacements across the crack surface is a finite, continuous and differentiable
function. Hence, the jump of the displacements across the crack surfaces can be represented by the
following series:
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f ðxÞ ¼
X1
n¼0

bnP
1
2
;1
2ð Þ

n
x� 1þb

2
1�b
2

 !
1

 
�
ðx� 1þb

2
Þ2

1�b
2

� �2
!1

2

; for b6 x6 1 ð29Þ
where bn is unknown coefficients to be determined and P ð1=2;1=2Þ
n ðxÞ is a Jacobi polynomial [17].

The Fourier transform of Eq. (29) are [18]
�f ðsÞ ¼
X1
n¼0

bnFnGnðsÞ
1

s
Jnþ1 s

1� b
2

� �
ð30Þ

Fn ¼ 2
ffiffiffi
p

p C nþ 1þ 1
2

� �
n!

; GnðsÞ ¼
ð�1Þ

n
2 cos s

1þ b
2

� �
; n ¼ 0; 2; 4; 6; . . .

ð�1Þ
nþ1
2 sin s

1þ b
2

� �
; n ¼ 1; 3; 5; 7; . . .

8>><
>>: ð31Þ
where CðxÞ and JnðxÞ are the Gamma and Bessel functions, respectively.
Substituting Eq. (30) into Eqs. (27) and (28), Eq. (28) has been automatically satisfied. After

integration with respect to x in ½b; x�ðb6 x6 1Þ, Eq. (27) reduces to
X1
n¼0

bnFn

Z 1

0

s�1GnðsÞJnþ1 s
1� b
2

� �
½sinðsxÞ � sinðsbÞ�ds ¼ ps0

2b1

ðx� bÞ ð32Þ
From the relationships [17]
Z 1

0

1

S
JnðsaÞ sinðbsÞds ¼

sin½n sin�1ðb=aÞ�
n

; a > b

an sinðnp=2Þ
n½bþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � a2

p
�n
; a < b

8>><
>>: ð33Þ

Z 1

0

1

S
JnðsaÞ cosðbsÞds ¼

cos½n sin�1ðb=aÞ�
n

; a > b

an cosðnp=2Þ
n½bþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � a2

p
�n
; a < b

8>><
>>: ð34Þ
The semi-infinite integral in Eq. (32) can be modified as
Z 1

0

1

s
Jnþ1 s

1� b
2

� �
cos s

1þ b
2

� �
sinðsxÞds

¼ 1

2ðnþ 1Þ

1�b
2

� �nþ1
sin ðnþ1Þp

2

� �
xþ 1þb

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xþ 1þb

2

� �2 � 1�b
2

� �2q� 	nþ1

8>>><
>>>:

� sin ðn



þ 1Þ sin�1 1þ b� 2x
1� b

� ��
9>>>=
>>>;

ð35Þ
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Z 1

0

1

s
½1þ f ðsÞ�Jnþ1 s

1� b
2

� �
sin s

1þ b
2

� �
sinðsxÞds

¼ 1

2ðnþ 1Þ cos ðn



8>>><
>>>:

þ 1Þ sin�1 1þ b� 2x
1� b

� ��
�

1�b
2

� �nþ1
cos ðnþ1Þp

2

� �
xþ 1þb

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xþ 1þb

2

� �2 � 1�b
2

� �2q� 	nþ1

9>>>=
>>>;

ð36Þ
Thus the semi-infinite integral in Eq. (32) can be evaluated directly. Eq. (32) can now be solved for
the coefficients bn by the Schmidt method [14,15]. For brevity, the Eq. (32) can be rewritten as
following
X1
n¼0

bnEnðxÞ ¼ UðxÞ; b < x < 1 ð37Þ
where EnðxÞ and UðxÞ are known functions and coefficients bn are unknown and will be deter-
mined. A set of functions PnðxÞ which satisfy the orthogonality conditions
Z 1

b
PmðxÞPnðxÞdx ¼ Nndmn; Nn ¼

Z 1

b
P 2
n ðxÞdx ð38Þ
can be constructed from the function, EnðxÞ, such that
PnðxÞ ¼
Xn
i¼0

Min

Mnn
EiðxÞ ð39Þ
where Mij is the cofactor of the element dij of Dn, which is defined as
Dn ¼

d00; d01; d02; . . . ; d0n
d10; d11; d12; . . . ; d1n
d20; d21; d22; . . . ; d2n

. . .

. . .

. . .
dn0; dn1; dn2; . . . ; dnn

2
666666664

3
777777775
; dij ¼

Z 1

b
EiðxÞEjðxÞdx ð40Þ
Using Eqs. (37)–(40), we obtain
bn ¼
X1
j¼n

qj
Mnj

Mjj
ð41Þ

with qj ¼
1

Nj

Z 1

b
UðxÞPjðxÞdx ð42Þ
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4. Intensity factors

The coefficients bn are known, so that the entire perturbation stress field, the perturbation
electric displacement and the magnetic flux can be obtained. However, in fracture mechanics, it is
of importance to determine the perturbation stress sð1Þyz , the perturbation electric displacement Dð1Þ

y

and the magnetic flux Bð1Þ
y in the vicinity of the crack tips. In the case of the present study, sð1Þyz , D

ð1Þ
y

and Bð1Þ
y along the crack line can be expressed respectively as
sð1Þyz ðx; 0Þ ¼ � 2b1

p

X1
n¼0

bnFn

Z 1

0

GnðsÞJnþ1 s
1� b
2

� �
cosðxsÞds ð43Þ
Dð1Þ
y ðx; 0Þ ¼ � 2b2

p

X1
n¼0

bnFn

Z 1

0

GnðsÞJnþ1 s
1� b
2

� �
cosðxsÞds ð44Þ
Bð1Þ
y ðx; 0Þ ¼ � 2b3

p

X1
n¼0

bnFn

Z 1

0

GnðsÞJnþ1 s
1� b
2

� �
cosðxsÞds ð45Þ
where b2 and b3 are two constants which depend on the properties of the materials (see Appendix
A). When the properties of the upper and the lower half planes is the same, b2 ¼ eð1Þ15 =2,
b3 ¼ qð1Þ15 =2.

Observing the expression in Eqs. (43)–(45), the singular portions of the stress field, the electric
displacement and the magnetic flux can be obtained respectively from the relationships [17]
cos s
1þ b
2

� �
cosðsxÞ ¼ 1

2
cos s

1þ b
2

�
�
� x
��

þ cos s
1þ b
2

�

þ x
��	
sin s
1þ b
2

� �
cosðsxÞ ¼ 1

2
sin s

1þ b
2

�
�
� x
��

þ sin s
1þ b
2

�

þ x
��	
Z 1

0

JnðsaÞ cosðbsÞds ¼

cos½n sin�1ðb=aÞ�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � b2

p ; a > b

� an sinðnp=2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � a2

p
½bþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � a2

p
�n
; b > a

8>><
>>:
Z 1

0

JnðsaÞ sinðbsÞds ¼

sin½n sin�1ðb=aÞ�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � b2

p ; a > b

� an cosðnp=2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � a2

p
½bþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � a2

p
�n
; b > a

8>><
>>:
The singular parts of the stress field, the electric displacement and the magnetic flux can be
expressed respectively as follows (x > 1 or x < b):
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s ¼ � b1

p

X1
n¼0

bnFnHnðb; xÞ ð46Þ

D ¼ � b2

p

X1
n¼0

bnFnHnðb; xÞ ð47Þ

B ¼ � b3

p

X1
n¼0

bnFnHnðb; xÞ ð48Þ
where
Hnðb; xÞ ¼ ð�1Þnþ1Rðb; x; nÞ; 0 < x < b
�Rðb; x; nÞ; x > 1

�

Rðb; x; nÞ ¼ 2ð1� bÞnþ1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j1þ b� 2xj2 � ð1� bÞ2

q
j1þ b� 2xj þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j1þ b� 2xj2 � ð1� bÞ2

q
 �nþ1
At the left tip of the right crack, we obtain the stress intensity factor KL as
KL ¼ lim
x!b�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pðb� xÞ

p
� s ¼ b1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2pð1� bÞ

s X1
n¼0

ð�1ÞnbnFn ð49Þ
At the right tip of the right crack, we obtain the stress intensity factor KR
KR ¼ lim
x!1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pðx� 1Þ

p
� s ¼ b1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2pð1� bÞ

s X1
n¼0

bnFn ð50Þ
At the left tip of the right crack, we obtain the electric displacement intensity factor KD
L as
KD
L ¼ lim

x!b�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pðb� xÞ

p
� D ¼ b2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2pð1� bÞ

s X1
n¼0

ð�1ÞnbnFn ¼
b2

b1

KL ð51Þ
At the right tip of the right crack, we obtain the electric displacement intensity factor KD
R as
KD
R ¼ lim

x!1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pðx� 1Þ

p
� D ¼ b2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2pð1� bÞ

s X1
n¼0

bnFn ¼
b2

b1

KR ð52Þ
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At the left tip of the right crack, we obtain the magnetic intensity factor KB
L as
KB
L ¼ lim

x!b�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pðb� xÞ

p
� B ¼ b3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2pð1� bÞ

s X1
n¼0

ð�1ÞnbnFn ¼
b3

b1

KL ð53Þ
At the right tip of the right crack, we obtain the magnetic intensity factor KB
R as
KB
R ¼ lim

x!1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pðx� 1Þ

p
� D ¼ b3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2pð1� bÞ

s X1
n¼0

bnFn ¼
b3

b1

KR ð54Þ
5. Conclusions

In the present paper,it is assumed that two collinear interface cracks only subject to an anti-
plane shear stress loading, do not subject to an electric field or a magnetic flux loading. Cer-
tainly, the loading and the geometry of cracks are symmetry. In this case, the results of this
paper are shown in Fig. 2. From Eqs. (32), (49) and (50), it can be obtained that the stress field
does not depend on the material properties except the crack length. So in all computation, the
material constants are not considered. From the results, the following observations are very
significant:

i(i) The properties of the stress intensity factor of the present paper are the same as ones in a gen-
eral elastic material. The stress intensity factor does not depend on the properties of the mate-
rial for the anti-plane shear fracture problem. This can be obtained in Eqs. (32), (49) and (50).
However, the electric displacement and the magnetic flux intensity factors depend on the
properties of the materials as shown in Eqs. (51)–(54).

(ii) The stress intensity factors decrease with increase in the distance between two cracks. It can be
also obtained that the interaction of two interface cracks decrease with increase in the distance
between two cracks. The results of the electric displacement and the magnetic flux intensity
factors can be obtained through the Eqs. (51)–(54). In the present paper, they are omitted.
Hence, the electric displacement and the magnetic flux intensity factors have the same chang-
ing rule as the stress intensity factor.
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Fig. 2. The stress intensity factor versus b.
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